Macromolecules 2009, 42, 3417—3429 3417

Shear Dynamic Modulus of Nematic Elastomers: Modified Rouse

Model

Vladimir P. Toshchevikov*™* and Yuli Ya. Gotlib"

Institute of Macromolecular Compounds, Russian Academy of Sciences, Bolshoi Prospect 31,
V.0., Saint-Petersburg, 199004, Russia, and Leibniz Institute of Polymer Research Dresden,

Hohe Strasse 6, Dresden, 01069, Germany

Received December 10, 2008; Revised Manuscript Received February 27, 2009

ABSTRACT: We develop a microscopic theory of dynamic mechanical properties of nematic elastomers taking
the chain structure of network strands explicitly into account. We use an approach in which network strands are
modeled as a sequence of Gaussian subchains, whose elasticity constants and friction coefficients are different
for motions parallel and perpendicular to the LC-director: K # Kp and & # {p (a modified Rouse model). We
show that the dynamic modulus of an ordered nematic elastomer, G* = G' + iG", should demonstrate a frequency
behavior very similar to that of usual (nonordered) rubbers; especially, it should display a frequency domain with
a Rouse-like behavior, G' = G" ~ w'?, a feature which is confirmed by experiments. In contrast to the usual
rubbers, nematic elastomers are characterized by the anisotropy of the dynamic mechanical behavior with respect
to the LC director, n. In agreement with experiment we show that for prolate systems in the D-geometry (when
n is parallel to the shear velocity) G'p greatly decreases around the nematic isotropic phase transition, whereas
in the V-geometry (when n is perpendicular to the shear plane) Gy does not demonstrate such a singularity. We
discuss the predictions of our theory for other geometries under shear deformation.

1. Introduction

Liquid crystalline polymer networks containing rigid, rod-
like mesogenic fragments in their strands form nematic elas-
tomers. These materials combine in an unique way the long-
chain elasticity of rubbers with the easy orientability of liquid
crystals (LCs).' 2’ Remarkable properties of nematic elastomers
are their ability to change their shape significantly around the
nematic—isotropic (N—I) phase transition and their high sen-
sitivity to weak external fields (electric, magnetic and mechan-
ical). Due to their unique properties, nematic elastomers have
a fascinating potential for technical applications (such as electro-
optical display devices, piezoelectric and nonlinear optical
systems, actuators, and artificial muscles).

The equilibrium properties of nematic elastomers (their phase
transitions and their stress—strain relations) have been studied
in detail.''' At the same time, the dynamics of nematic
elastomers have only recently entered the focus of much inte-
rest:'272° this is due, on the one hand, to the fact that it became
possible to synthesize homogeneous (monodomain) nematic
elastomers,>!%1>1621723 and on the other hand, to recent
dynamic mechanical experiments which have been performed
both for side-'>1%?""?2 and main-chain®® monodomain nematic
elastomers.

A monodomain nematic elastomer is characterized by the
anisotropy of its dynamic mechanical properties: the response
of an ordered sample to a periodic shear strain depends on the
direction of the strain with respect to the LC director, n. In a
typical dynamic mechanical experiment, one uses one of the
three principal geometries, denoted by D (displacement), by V
(vorticity) and by G (for n along the shear gradient),'* see Figure
1. Each geometry provides a corresponding dependence of the
complex dynamic modulus, G on frequency, w, namely Gp =
Gy + iG), Gy = GY + iGY, and G; = Gy + iGf. In recent
dynamic mechanical experiments,'>'%>'~>* monodomain LC
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Figure 1. Three principal geometries of a simple shear experiment with
three orientations of the nematic director n: D (displacement), V
(vorticity), and G (for n along the shear gradient).

films were investigated with a planar orientation of the LC-
director within the films; thus it was possible to conduct
experiments only for the D- and the V-geometries. For all
nematic elastomers investigated in refs.'>'®*' =23 the frequency
dependent dynamic moduli, Gp(w) and Gy(w) were found to
demonstrate two frequency regimes, both typical for usual
rubbers: (i) a low frequency hydrodynamic regime (G' = const;
G" ~ w) at < 77" and (ii) a viscoelastic regime which is
characterized by a power law G' ~ G" ~ w" at w > 7z~ !, where
7g is the longest relaxation time of the network strands.
Furthermore, all the side-chain nematic elastomers demonstrated
a Rouse-like behavior in the viscoelastic regime, G' = G" ~

0.5 15.16.21.22 (whereas the main-chain nematic elastomers devi-
ated from the Rouse-like behavior: for the latter one found G’
= Ci0" and G" = C,w" (C; = (), with the exponent n being
less than 0.5 and being temperature-dependent. This difference
is related to the differences in the microstructures between the
side- and the main-chain LC elastomers. The side-chain LC
elastomers exhibit only isotropic and nematic phases,'>!'%-2!22
whereas the main-chain ones exhibit additionally smectic C
(SmC) phases and SmC domains in the nematic and isotropic
phases.”® The formation of SmC domains affects strongly the
mechanical characteristics of the main-chain LC elastomers in
both the nematic and the isotropic phases.?

To treat the experimental data on the dynamic mechanical
properties of nematic elastomers, one can use several theo-
ries.'>'* All these theories use a continuum medium approach
and are based on the coupling between the linear elasticity of
a network in its hydrodynamic regime, wtg < 1, and the
independent rotations of the LC-director, see also the discus-
sion.'® 2% Although existing continuum theories can explain
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many experimental facts (e.g., the anisotropy of the dynamic
mechanical properties of nematic elastomers, the reduction of
Gp as compared to Gy, etc.), they are valid only in the
hydrodynamic regime, wtr < 1, and they do not make
predictions in the viscoelastic regime, wzg > 1, where the main
effects are due to the chain dynamics of network strands. There
are no microscopic theories in the literature which consider the
effects of the chain dynamics on the mechanical relaxation of
nematic elastomers.

In order to overcome these drawbacks, we put forward a
microscopic theory of the dynamic mechanical properties of
nematic elastomers using a network model which takes the chain
structure of the network strands explicitly into account. We use
an approach,”* 2?73 in which the fragments of polymer
chains in the LC state are considered to move on the background
of a static (immobile) LC director. For nematic elastomers the
director relaxation time, 7,, was found to be of the same order
as the longest relaxation time of the network strands, 7, ~ 7
~ 107 %5, e.g., see p 320 of ref 16. Therefore, in the viscoelastic
regime, wtr > 1, one can neglect the director rotations and use
the assumption that the motions of the network strands occur
on the background of an immobile LC director. The assumption
of an immobile LC director has been used by many authors in
describing the dynamics of LC polymer melts.”® 3! Re-
cently,?*~2° this approach was applied by us in describing the
relaxation spectrum of a main-chain nematic elastomer for
intrachain motions with immobile network junctions.

In the present work, we extend our previous theories
and calculate the storage and loss moduli for the three principal
geometries (D, V, G). We use here a modified Rouse model**
which can be applied both for side- and main-chain LCs. We
consider the mobility of network strands on scales larger than
such chain fragments (subchains), whose statistics is Gaussian.
The orientation ordering of mesogenic units results in the
orientational anisotropy of both main- and side-chain network
strands due to the covalent bonding of the mesogens to the chain
backbones. Thus, each network strand is modeled here as a
sequence of Gaussian subchains whose viscoelastic parameters
are different for motions parallel and perpendicular to the LC
director (a modified Rouse model). In general, such a model
can describe the dynamics of both main- and side-chain
anisotropic macromolecules. However, the existing main-chain
LC elastomers exhibit layer-structured SmC domains in their
nematic and isotropic phases, the effects of the SmC domains
on the dynamics being rather strong. The modified Rouse model
does not take into account the presence of such domains in the
structure and represents thus a homogeneous chain; therefore,
it can be immediately applied only for side-chain nematic
elastomers, whose structure is homogeneous both in the isotropic
and in the nematic phases. The extension of the theory to main-
chain nematic elastomers requires the introduction of smectic
domains in the network model, effects which are not discussed
here and can be a topic for further generalizations.

24—26

The paper is organized as follows. In section 2, we present
the physical basis for introducing the modified Rouse model to
be used. In section 3, we derive analytical expressions for the
components of the complex moduli (Gp, Gy, and Gg) using a
rather arbitrary network structure built from anisotropic Rouse
chains. In contrast to refs 24—26, we take into consideration
not only the intrachain processes with immobile network
junctions but also the interchain collective motions. We find
the interconnection between the mechanical characteristics for
an ordered nematic elastomer and for an isotropic network
structure of the same topology. In section 4, we calculate the
frequency and temperature dependences for the components of
the complex moduli Gp, Gy and Gg using a regular cubic
network model. We show that results of our theory for the D-
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and V-geometries are in a good agreement with experimental
data on side-chain nematic elastomers.'>'®?!>> We discuss the
predictions of the theory for the G-geometry.

2. Modified Rouse Model for LC-Ordered
Macromolecules

The physical concept which is the basis here for describing
the viscoelastic properties of LC-ordered macromolecules is
similar to the ideas of Rouse®® for conventional (nonordered)
polymers. The main idea is to consider the motion on scales
larger than the Kuhn segment and to ignore the short-scale
motions. This concept was used in ref 32 for LC polymer chains.
As for isotropic chains,** we divide a polymer chain in the LC
state into N equal subchains. Each subchain is a portion of a
polymer chain just long enough, so that at equilibrium its end-
to-end distribution is Gaussian. In contrast to nonordered
macromolecules, which are characterized by isotropic end-to-
end distributions, the shape of the subchains in an ordered state
is anisotropic.“8 For main-chain macromolecules, the anisot-
ropy of the shape of polymeric coils is caused by the orientation
of the mesogenic fragments chemically incorporated into the
chain’s backbone. For side-chain macromolecules, the anisot-
ropy of the mesogenic units in the side chains also leads to the
anisotropy of the polymeric coils due to the covalent rigid
bonding of the mesogens to the backbones.

Thus, both for main- and side-chain macromolecules, the
probability of the end-to-end vector, b, of a Gaussian subchain

in LC state can be written as®>~ %32

Iy 3b>  3b
p(b) = 27l L) | —= | ex —(— + — (1)
0 Ll P 24L - 205

where by and by are the components of b parallel and
perpendicular to the LC director; L is the contour length of the
subchain; [ and /5 are the persistence lengths parallel and
perpendicular to the director, respectively. The values /; and I
are different from the value [, of the persistence length of the
chain in the isotropic state and are functions of the nematic
order parameter S, where

g = }005229 — ID ?)

Here 6 is the angle between a given orienting rod-like
(mesogenic) unit and the LC director; L1.[lmeans averaging over
all the orienting units. The concrete form of the dependences
Ii(S) and Iy (S) is determined by the internal structure of the
subchains and by the connectivity of the orienting units to the
chain backbones. To find the concrete dependences of /(S) and
In(S) for different chain models (freely jointed-rods chain,
elastically jointed-rods chain, worm-like chain, main-chain
macromolecules with spacers, side-chain macromolecules, etc.),
one can see the review.®

Now, the conformational distribution function of a Gaussian
chain consisting of N such anisotropic subchains is given by

N
PUR,) = []pR,— R, )=
n=1

103 N s 3Ry, — Rlln—l)2
Qal, L) M —| exp|—| Y} ——+" +
’ I D2 n=1 2hL
al 3(RD,n - RD,n—l)2 3)
n=1 2ZDL

where R,, are the coordinates of the ends of the subchains.
As for the Rouse model,** the anisotropic Gaussian chains

used here can be represented by a mechanical model: the (N +

1) beads are considered to be connected by N harmonic springs.
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Figure 2. (a) Schematic sketch of a nematic elastomer under shear deformation. Cross-links are marked by filled circles; daggers show the dividing
points of the network strands into subchains, see text for details. (b) Anisotropic Gaussian network model corresponding to a nematic elastomer
presented in Figure 2a. Ellipsoidal beads denote diffusion anisotropy of the subchains inside network strands (white beads) and of the subchains

attached to the cross-link points (filled beads).

Using eq 3, we can write the potential energy of an anisotropic
Gaussian chain as follows:

N N
U({R,}) = %KII z Ry, — Rn,n—l)2 + %KD 2 Rp, — RD,n—l)z
n=1 n=1

(€]

In contrast to the classical Rouse model, the harmonic springs
in the LC state are anisotropic and characterized by two elasticity
constants Kjj and K for the stretching of a subchain in directions
parallel and perpendicular to the LC director. The elasticity
constants are related to the principal persistence lengths, /()
and I (S); this relation follows from Equations 3 and 4:

3kT
K, = LL (=110 5)

The diffusion mobility of the chain fragments in the LC state
is known to be anisotropic.** 3’ To describe this effect we
stipulate for each bead two friction coefficients, §; and p,
corresponding to translational motions parallel and perpendicular
to the LC director. These frictions coefficients are functions of
the order parameter: §; = §y(S) and &g = &n(S). In general, the
evaluation of these dependences is a special problem* 7 and
will be discussed in section 4.

To sum up, we describe the dynamics of LC polymer chains
by means of a modified Rouse model consisting of Gaussian
subchains with anisotropic viscoelastic parameters: two elasticity
constants, K;; and Kq, and two friction coefficients, §,; and Cn
(cf. with ref 32). Note that such Gaussian chains do not describe
correctly the local structure of the macromolecules but they do
describe correctly the large-scale dynamics of macromolecules
of an arbitrary structure (main- and side-chain polymers, etc.),
i.e. the model is universal in this sense. Note, however, that
existing main-chain LC elastomers possess a heterogeneous
domain structure with SmC domains. The chain model intro-
duced here does not take into account such heterogeneities and,
therefore, can not be applied to existing main-chain nematic
elastomers. On the other hand, it can be immediately applied
to the existing side-chain nematic elastomers which do not
exhibit such heterogeneities.

The quantities Kj, Kg, §, and &g are the parameters of the
model. In Section 4 we fix the dependences of K, Kp, &, and
Cn on the order parameter S using a freely jointed-ellipsoids
chain. This will allow us to discuss the dependences of the
principal dynamic moduli Gp, Gy and Gg on S.

3. Dynamic Modulus of a Generalized Network Structure
Built from Anisotropic Rouse Chains

In this section we derive expressions for the principal dynamic
moduli, G, Gy and G as functions of the parameters, K;, Ko,

G, and Cp using a generalized network structure built from
anisotropic Rouse chains. We build a network model as follows:
each network strand of a LC elastomer (Figure 2a) is divided
up into identical Gaussian subchains. In Figure 2a, the dividing
points are marked by daggers and the network cross-links are
denoted by filled circles. As a result, we obtain a network
structure built from Gaussian subchains (Figure 2b). Each
subchain is characterized by the viscoelastic parameters Kj;, K,
i, and Cp (point A in Figure 2, parts a and b). The number of
subchains in the strands between junctions can vary in general
from chain to chain.

The friction coefficients of the jth junction, {J™ and i,
represent a sum of friction coefficients of subchains intersecting
at a cross-link point (point B in Figure 2, parts a and b), i.e.:

g _gh

]! 8 —

——— = —— =y, = const 6
, c Y (6)

where y; is the number of chains intersecting at the jth cross-
link; y; is independent of S.

As aresult, we have a network structure of a rather arbitrary
topology (Figure 2b); the polydispersity of network strands, the
multifunctionality of branching points and the presence of
dangling chains are all taken into consideration. However, we
do not discuss hydrodynamic and excluded volume effects as
long as dense polymer systems display screening of both
hydrodynamic and volume interactions (Flory’s theorem).*®

For a fixed network structure one can, of course, calculate
the relaxation spectrum for motions parallel and perpendicular
to the LC director. However, to derive expressions for the
dynamic moduli of an anisotropic network structure is a special
problem. In the literature, there are no molecular theories which
provide expressions for the dynamic moduli for anisotropic
networks taking the chain structure of the network strands
explicitly into account. Below, we present such derivation.

We follow a standard method described, e.g., by Doi and
Edwards®® for isotropic systems. As in ref 38, we consider an
infinitesimal periodic shear deformation applied along the x-axis
to a sample, Figure 2b. This leads to the shear flow>®

vR, ) = kR, v,=v,=0 (7

y

where v(R,f) = (v,,v,,v;) is the macroscopic velocity field at
the point R = (R,R\,R;) and «(?) is the shear rate which is
related to the shear displacement OL(?) as follows,*® see Figure
2b:

40L()

(0 = dr L

®)

Here L, is the dimension of a sample along the y-direction. We
consider geometries when the LC-director n lies along one of
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the axes x, y, or z of the shear flow. Note that the macroscopic
ve10<:1ty field v(R,7) represents an average of the microscopic

38 This means that the velocity of a given bead, R,, is related
to 1ts average position [R;[as follows:

R,0= v(IR L)) (€))

Here the averaging goes over the statistical ensemble, and the
index / runs over all the beads.

The shear deformation results in the appearance of the
mechanical stress, o,,. If the shear rate «(f) is small enough
the shear stress depends linearly on «(7) and can be written as*®

0,0 = ['_dr Gt — 0@ (10)

where G,,(?) is the shear relaxation modulus. For anisotropic
systems the relaxation modulus can depend on the geometry of
the shear with respect to the director n; therefore, we introduce
an index xy for G,,(f). Now, our aim is to calculate the stress
0(?) in an anisotropic network structure for a given history of
the macroscopic velocity gradient, k(7). Obtaining 0,,(¢) in the
form of eq 10, we derive the expression for the relaxation
modulus G,(7).

We start from a microscopic expression for the mechanical
stress tensor, g,,:>"

1
0y = z F, R, (11)
1

where Vis the volume of the system, R, is the y-component of
the /th bead and F,; is the x-component of the force acting on
it. The force F,; includes the contribution of the Brownian force
FE and of the elastic force F’ = —3U/dR, ; it can be written
as follows:38

= Fflr) - K, z AR, (12)
7

where A =(A,)) is the connectivity matrix, see refs.>*~* for
details. The nondiagonal element A;; of A equals —1 if the /th
and Jth beads are connected and is O otherwise; the diagonal
element A;; of A equals the number of bonds emanating from
the Ith bead. Inserting eq 12 into eq 11 and using F&R,[= 0,
we have the following for 0,,(1):

K,
0y =7 Z AR R, O (13)
1J

Equation 13 contains two contributions: (i) from the beads
which are inside the network and (ii) from the beads which are
fixed on the plate (Figure 2b). The equation of motion for the
beads inside the network represents a balance between elastic,
Brownian, and viscous forces and, according to the Lagrange
equation, is written as follows:** %3

EoilRy: — Vot R)] + K, z AR, (D) = F2P(1)  (14)
J

Here and in the following we will view small indices (i, j,...) as
running over beads inside the network, small indices with primes
@', j',...) as running over beads at the plate and large ones (/,
J,...) as running over all the beads both inside the network and
at the plate. The position of each bead, R, is determined by its
average value, [R/(#)[] which follows the macroscopic velocity
field, and by the fluctuating displacements, OR, from the average
value:
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R(») = RO+ ORL) (15)

Inserting Equation 15 into eq 13 we can rewrite oy, as follows

o, =0y + o) (16)
where
K,
o) = o ZJ A,R, R, O (17)
2) _ K Eﬁ
= ZJ A,BR, OR, 0 (18)

Let us consider, first, the contribution ¢'}). The positions of
beads at the plate are fixed on the plate, so that R;(f) =[R(¢)[J
The average positions of the beads inside the network can be
obtained from eq 14. Averaging eq 14 and using eq 9 we have

K, Z AR, (0= 0 (19)

Thus, the sum over an index 7 in eq 17 for ¢{) contains only
the terms from the beads at the plate (/ = i') since the terms
from internal beads (I = i) equal zero according to eq 19. Using
this fact and taking into account the equality (R, ;[}= L, for the
beads at the plate we can rewrite eq 17 as

LK
(1) Ty
7 EJ AR, 0 (20)

‘(y

or

o) =

’(V

[I]I>—

> Fo 1)

where Z = V/L, is the area of the plate and F,; is the force
acting on the i'th bead due to the other beads. Here lies the
physical meaning of the quantity o'}). As follows from eq 21,
o4 is the stress appearing on the plate when the beads inside
the network are at the positions [R;[which correspond to their
static state according to Equation 19. Thus, ¢4} is the static or
equilibrium stress of the network. Thus, for 0{}) we can write
for small OL:

M) _ eOL(®)
g, =G} L, (22)

where G&¥ is the equilibrium modulus of the network for a
given xy-geometry. Note that the equilibrium stress appears due
to the real connections between the network fragments and the
plate. If such connections are absent (A;; = 0) all terms on the
right-hand side of eq 20 are zero and 0% = 0. For example, it
is well-known that the equilibrium stress does not manifest itself
in dynamic mechanical experiments for polymer melts and
solutions,>®*° but it does for bulk elastomers;***” see also the
experiments for nematic elastomers.'>'¢!723

For Gaussian structures, it is possible to relate the equilibrium
modulus of the anisotropic network (G<¥) to that of the isotropic
network structure (Gp) which has the same connectivity as a
nematic network. For usual (nonordered) rubbers, one has*®

G, = vkT (23)

where v is the number of chains in the unit volume. In order to
relate G$9 and G, we note that when applying a static shear
along the x-direction to a network, only the x-projections of
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the network strands change and the y, z - projections stay
unchanged. It means that the total force appearing at the plate,
F, = Y:F.r, should be directly proportional to the elasticity
constant K. Subchains in an isotropic network are characterized
by an elasticity constant K, which differs from the elasticity
constants of the subchains in an anisotropic network (Kj, = Kj,
Kn = Kp); Ky is related to the persistence length [ of isotropic
chains:

K, = 3KT/I,L (24)

Using the proportionality between F, and K, we have

F = F<°> s (25)
O

where F, and F\¥ are the forces appearing at the plates of
anisotropic and isotropic networks of the same topology and at
the same shear displacement OL.

Note that a nematic elastomer can stretch along the LC
director during ordering,””®'®*? 5o that its dimensions along
the x, y, and z axes (L., L,, L;) can differ from those for the
elastomer in the isotropic state (LY, L and LY"): L, = ¢,L{,
L,=e, and L. = ¢.L". Here e,, e, and e are the elongation
ratios of the sample along the x, y and z-axes which should
satisfy the condition of constant volume (V L,*E = const):
eweye; = 1. Using the condition, V = L,*Z = const we have
from eqs 21 and 22: F, = VGEYOL/L,? and F*' = VGoOL/(L").
Substituting the last two equations into eq 25, we obtain
VGEVSLIL? =[K./Ko]* VGoOLI(L™)% this gives with eq 23

G5V = vkTe /1, (26)

Here we have used the relations between the elasticity constants
and the persistence lengths, eqs 5, and 24.

We now turn to the second contribution to the stress, 0%,
which is given by eq 18. Note that the sum over the indices /
and J in eq 18 contains only terms from the internal beads,
[dR,;0R,,[) as long as the beads at the plate are fixed on the
plate, so that OR;(f) = 0. The dynamic equation for OR,; can
be derived by subtracting eq 19 from 14. Doing this and taking
into account eqs 7, 9, and 15 we obtain

LaiORy; + Ky ) AR, (1) = FEP0) + 00,8y k(DOR,,
] )

Here J4s is the Kroneker delta. Note that due to the equality
OR;(f) = 0 the dynamics of the internal beads is now determined
only by themselves and does not depend on the beads at the
plate. It is convenient to rewrite eq 27 in matrix form. Dividing
eq 27 by the friction coefficient of a spacer bead, {,, we have

~d _ .
2R} + (O)A{R}—c HFG") + Z{R Jk(Ddy,
(28)

Here we have introduced the subvectors {Ry} ={0R1,0Rq2,...} "
and {FEV} ={FED FEY,...}F, and denoted by 74 a characteristic
relaxation time of a single subchain in the o-projection:

o= e
« K

o

(29)

According to assumption (6), the matrix Z has a diagonal form:
Z; = 1 if the ith bead is a spacer bead and Z; = v; if the ith
bead is a network junction. y; is the number of chains
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intersecting at the ith junction. Now, we introduce new
coordinates, {rq}:

(r,} = Z'""(R,} (30)
Multiplying eq 28 with the matrix Z "> we obtain

d

a‘{ru} 4+ — I/ZAZ 1/2 _ C le 1/2{F(Br)} +
T

{1 }k(Ddg, (31)

Note that the matrix Z~">AZ "2 is symmetric and, therefore,
it has a unitary transform, V

A

vi=v" (32)

which diagonalizes it:
V(@2 ATV = A (33)
Here the diagonal matrix A = diag(4;,4,,...) contains the

eigenvalues of the matrix Z~"2AZ~"?. Using the transformation
V, we introduce now the normal coordinates, {q}:

(g} = V7 '{ry) (34)

Multiplying eq 31 by the matrix V! we obtain a system of
independent equations (with respect to the different values of
the index, p),

+7 =&, \(V'ZTFYY), + g, k(00

(35)

d »
d_lfI(x,p ap 40.,;;

Here the relaxation times, 7,,, are determined through the
eigenvalues 4, as follows:

T, = 7012, (36)

Note that the values 4, equal the eigenvalues for an isotropic
network of the same topology as the nematic network. Therefore,
the relaxation spectrum of an anisotropic network can be simply
calculated using the results of previous theories**° for isotropic
networks, while taking further into account that the elementary
relaxation times, 7, consist of two components, o. = |l, .

Now, using the transform from {R,} to {q,} given by eqs
30 and 34, we can rewrite the expression for the stress tensor
0 (eq 18) as follows

NONA

X\ K IIZAZ ]/ZV{q }D—

= OR,}"A(R,)0=Ogq,} 'V

o, Ala 0=} 4,0d,,4,,007)
P

Here we have used the relations for the matrix V given by eqs
32 and 33. To obtain an expression for [4,,q, et us rewrite
eq 35 for oo = x and o0 = y separately:

d - 17145 — r
G0 T T 4y = & VTZTHER), 4 g,,() (38)

d =l 71— T
G0 T 4, =8 VTZTHED), (39

Now, multiplying eqs 38 and 39 with ¢, , and ¢, ,, respectively,
summing these equations, and averaging with respect to the
nonequilibrium distribution function, we obtain
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d - _
Gt 0 [n, '+ 7, 1, 0= G, R0 (40)

Here we have used [F\g,[J= [Fyq.[l= 0. The solution of eq 40
can be written as>®

G, ,9,,0= [ dr expl—(z,,”" + 1,7\t = O)k()G,,’0
(41)

In the framework of linear-response theory, when one looks
for the first term of o,, in the series of infinitesimal «(f), one
can replace the time-dependent value [4,,°0in eq 41 by its
equilibrium value [4,,20l,.*®

Note, however, that nematic elastomers are known to
demonstrate a very interesting nonlinear stress—strain behav-
ior' "® which can be observed also in dynamic mechanical
experiments at OL/L, > >10~ 4 see ref 18. In order to consider
nonlinear effects one needs to solve eq 40 exactly. This equation
contains a time-dependent factor [g,,*Con the right-hand side.
Moreover, high shear strains can change the instantaneous value
of the order parameter, S, which now becomes time-dependent:
S = S(?). Therefore, the coefficients 7, on the left-hand side
of eq 40 become time-dependent at high shear, since 7., U
Ca(S)/Ky(S). As a result, one obtains a nonlinear dynamic
equation similar to eq 40 but with the time-dependent coef-
ficients on both sides of the equation.

Although nonlinear effects can be incorporated into our model
as shown above, their consideration is out of the scope of the
present work and may be a topic of further investigation. Here
we deal with the linear-response approximation where we
replace the time-dependent factor [47,Clin eq 41 by its equilib-
rium value [§,,°[J; as in ref 38.

Now, multiplying eq 39 by g¢,,, averaging with respect to
the equilibrium distribution function and discarding the time
derivative for equilibrium quantities we obtain for [g,,[d,

@,Val’zgq = T}’apgy_lmv_lZ_I/Z{F;Br)})Fq)’J’Qq
— 1 X~ 1412 Xr—141/2 Br)
ALK Zk V2T, (V2 R, G,
v 5

— 1 X7~ 14—1/2 - 1412
=K Z(V 77", V12" kT
s
_ KT o1m-12512,5-10+
_lpKy(V 7LV ),
kT
=K (42)

Here we have used the relation for the stochastic force,
FEIR, L, = kTOu,°® and eq 32 for the matrix V. Now,
substituting eq 42 into eq 41 and using eq 37 we have for the
stress component 0%

o _ kTK, o P I, ,
V=VE 2 S dtexpl—(z,, "+ 1,70 = k()
(43)

Comparing the last expression with eq 10 and taking the
contribution of the equilibrium modulus into account (eqs 16
and 22), we obtain for the modulus of a nematic network

e, kTK: - -
G, () = GV + TE z exp[—(z,, " + 1, )il (44)
Z

This is a key result of our theory. Note that in the isotropic
state (when K, = K, and 7, = 7,, = 7,) the last expression
reduces to a well-known expression for the relaxation modulus
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derived earlier for isotropic polymer systems.*® * The factor
27, 't in the exponent which is usual for isotropic systems®~*3
splits for an anisotropic system into two components, (7,, ' +
ry,p’l)t, while an additional prefactor, K\/K,, appears.

Now, using eqs 36, one can rewrite eq 44 in terms of the
eigenvalues 4, of an isotropic network which has the same
topology as the nematic network. We have

le’.
Gy = G + 7 Y expl—24,1/1)] 45)
*p
where ¥ is now the elementary relaxation time for the given
xy-geometry, which is related to the elementary relaxation times
¥ and 7 in the x and y projections by

1 11 1 1
_ = | — + —_
2020 " o

Xy

(46)

In eq 45, I, and [, are the persistence lengths of the subchain
along the x and y axes; here we have used the relations between
l, and K, (00 = x.y), given by eq 5.

Equation 45 reflects a very important and general result. One
can see that the relaxation factor in G,(f), which contains the
time variable 7, is determined for an anisotropic network by the
sum of exponents only over the eigenvalues of the corresponding
isotropic system, 4,. This means that all features of the dynamic
mechanical behavior for nematic elastomers should be similar
to those of the usual (nonordered) rubbers. By this, we extend
the results of previous theories for isotropic networks®*~*° to
anisotropic systems. For instance, as for isotropic networks,*
the relaxation modulus for nematic elastomers should demon-
strate Rouse-like behavior G, (1) ~ ¢ "> at t < 7z due to the
intrachain relaxation processes, while in the time domain 7 > 75
it is determined by the interchain collective motions, and
Go(t) ~ 173239494395 Here 74 is the longest relaxation time of
network strands. Furthermore, the polydispersity of network
strands should result in the appearance of a stretched-exponential
time dependence, G,,(f) ~ exp [—(#/7+)*] at t > 7¢(L), with the
index o depending on the distribution function of chain
lengths.*'** Here 74(L) is the longest relaxation time of the
Rouse modes for a network strand of average contour length.

These findings can be reformulated also for the dynamic
(complex) modulus, Gy, = Gy, + iGyy:

Gyw) = io [ G, (D" dt 47)

Here, the real (G),) and the purely imaginary (GY,) parts are the
storage and the loss moduli, respectively. Inserting eq 45 into
eq 47, we have for the (complex) dynamic modulus:

0) \2 i1 (0
Gyw) = G0 + ALy ool THRL 0 )
xy Xy Vi £ (2/11))2 + (Ti(;) oY’

We emphasize that the similarity of the dynamic mechanical
behavior of nematic elastomers to that of usual rubbers,
especially, the presence of a frequency domain with Rouse-
like behavior, Gi(w) = Gw(w) ~ ', was pioneered and
discussed in experimental works.>102122 Thyg the above-found
general results of our theory are unambiguously confirmed by
experiment.

The main difference between the dynamic mechanical
behaviors of nematic elastomers and of usual rubbers consists
in the mechanical anisotropy of ordered nematic elastomers
relative to the LC-director, n. This fact was clearly demonstrated
experimentally'>1%2'~2* by measuring the dynamic modulus for
the D- and V-geometries. This fact follows also from our theory.
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Equation 45 gives the expressions for the principal relaxation
moduli, Gy(t), Gs(1), and Gy(t) which correspond to geometries
in which n lies along the axes x, y, and z, respectively. Using
eq 26 for the equilibrium modulus, G, we have for Gp(?),
Gy(1), and Gg(1):

kTlo

A
Gpt) = vkTeg'y + T
Il

— (0)
v l“ exp[—24,t/ty' 1 (492)

o
Gt = VkTeD — + = Z exp[—24,1/7\)]  (49b)

I
Golt) = vkTa’ + "—Ti z expl~24,1/20]  (49¢)

Here the elementary relaxation times for D, V, and G geometries
have the following form:

1y =15 =20+ @) and 1) =1 (50)

We remind that in eqs 49a—49c, e, are the elongation ratios
of the sample along the director () and perpendicular to it (ep).
Two types of experiments are possible. In one case,'>'®?!>
the sample is placed between two hard plates and remains
unstretched during ordering (ey = ep = 1). The LC order in
this case appears due to the reorientation of the chain fragments
at the fixed sample boundaries. In another possible case,?* the
boundaries of the sample are free and the sample can change
its shape during ordering (¢ = 1 and eg = 1).

From eqs 49a—49c, general relations between the principal
moduli follow. In general, depending on the chemical archi-
tecture of nematically ordered mesogenic groups inside the
polymer chains, the conformations of the polymer coils may
be prolate (4, > In) or oblate (I, < In).>~° For a prolate sample
(L) > Ip) we have the following inequalities: Gp < Gy < Gg,
which hold both for unstretched (e; = eg = 1) and for stretched
(en <1 < ¢ samples, see eqs 49a—49c. Note that the inequality
Gp < Gy was also found experimentally'>'®*"2? for prolate
nematic elastomers at temperatures where the main effects are
due to the nematic order. Note, however, that the inequality
Gp < Gy can fail at temperatures close to the glass transition
temperature (7'~ T,); the consideration of glass transition effects
is not a topic of the present paper. However, our model provides
a true picture around the N—I transition, where the glass
transition effects are rather small. For oblate systems (I < Ip),
we have the inequalities Gp > Gy > Gg, which are valid both
for undeformed (¢, = eg = 1) and for deformed (¢, < 1 < ep)
nematic elastomers. We have found no experimental data for
G in prolate nematic elastomers and for Gp, Gy or G in oblate
systems. Thus, our theory reproduces the experimental relation
Gp < Gy for prolate nematic elastomers and predicts additionally
the inequalities Gy < G (for prolate systems) and G, > Gy >
G (for oblate systems). Note, that these above-found findings
are universal, since they have been obtained now for polymer
networks of arbitrary topology.

The next problem is to calculate the principal moduli as a
function of the frequency and of the order parameter (or
temperature). For this, it is necessary to know explicitly the
eigenvalues 4, and the viscoelastic parameters, K, Kp, , and
Cp as functions of the order parameter S. These quantities are
determined by the concrete structure of network strands and by
the connectivity of the strands in the network. To fix the ideas,
we consider in the next section a regular cubic polymer network
built from freely jointed chains consisting of ellipsoidal particles.

4. Dynamic Modulus of a Regular Cubic Network Built
from Anisotropic Chains

4.1. Model. We consider a network model topologically
equivalent to a regular cubic structure, whose elementary cell
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Figure 3. A topologically regular cubic network built from the chains
consisting of freely jointed ellipsoidal particles. Network strands are
divided into anisotropic Gaussian subchains. Friction coefficients of
junction beads, &{f#", include the friction of subchains attached to the
cross-links, see text for details.

contains a junction and three spacer chains (Figure 3). Such a
cubic network model was used earlier for studying the dynamic
properties of usual (isotropic) polymer networks.*~*'*#4> The
spacer chains between junctions are modeled here by chains
consisting of the same number of freely jointed ellipsoidal
particles with semiaxes a and b = ¢ (Figure 3). Such ellipsoidal
particles imitate the mobility of Kuhn segments of real
macromolecules.

As described in section 2, we divide each spacer chain into
equal subchains. Each subchain consists of n freely jointed
ellipsoidal particles. The end-to-end distribution for long enough
subchains (n > 5) becomes Gaussian. Each chain between
junctions consists of the same number (N + 1) of subchains,
which connect N spacer beads and two neighboring junctions.
The persistence lengths for a freely jointed chain as a function
of the order parameter (S) are given by:®

L= L1+ 28], I5=1[1 —S] (51
where [, is the persistence length of a subchain in an isotropic
state, S = 0.

The friction coefficients of each subchain, §; and {q, are the
sum of friction coefficients for n ellipsoidal particles: §n =
nkT/Dy o, where Dy and Dy are the average diffusion coefficients
of the ellipsoidal particles along and perpendicular to the LC
director. Here we have used Einstein’s relation between friction
and diffusion coefficients.*® Furthermore, using eqs 20 and 21
of ref 34 for the diffusion coefficients D; and Dy in a system of
ordered ellipsoidal particles, we obtain

1 — RS

O TS

)2/3’ and .= Co( RS)I

1 + 2RS (52)

where & is the friction coefficient of a subchain in an isotropic
state and the parameter R is>*

_ @by 1
(a/b) + 2

(53)

Recently,?” it was shown by molecular dynamic simulations that
the relations 52 and 53 are rather universal and hold not only
for a system of separate ellipsoidal particles but also for polymer
chains built from ellipsoidal particles, these relations staying
unchanged when the bending rigidity of the chains is var-
ied.35737

Thus, Equations 5, 51—53 determine the viscoelastic param-
eters of subchains K, Kp, j, and {q as a function of the order
parameter, S. Note, that S has here the physical meaning of an
order parameter for the Kuhn segments of the network strands
and can differ from the order parameter for mesogenic fragments
which can be either in the main or in the side chains; in the
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latter case the mesogenic fragments can be also attached to the
backbone by a certain angle.

4.2. Eigenvalues and Characteristic Relaxation Times.
Now, knowing the parameters K, Kp, §, and {p as a function
of S, one can calculate the characteristic relaxation times, (),
7 and 71, as a function of S. Using eqs 51—53, one can rewrite
eq 50 for 79, 7, and 7\ as follows:

— —2/3
20 =10 = 2r0[(—11 . 21;55) (1+29"+
( 1 —RS

L RSVEG — 5] 54
1+2RS)( )] G4

where 7 is the elementary relaxation time of a subchain in the
isotropic state:

7. = €OIOL
0 3kT

(56)

Now, one can estimate the characteristic values of the
relaxation times for LC-polymer networks as compared with
those for usual rubbers. The length of the subchain L, whose
end-to-end distribution becomes Gaussian, is proportional to the
persistence length of the chain, ly: L = nly, with n being of the
order of 5. Thus, we can rewrite eq 56 in the following form

1, = ELn*13kT (57)

where & = §y/L is the linear density of friction along the polymer
chain. We recall that LC-networks contain in their strands rigid
and long mesogenic fragments. Therefore, both the parameters
& and [y should be larger for LC-networks as compared with
those for usual rubbers built from flexible chains. For side-chain
macromolecules, the subchains include the friction parameters
not only from the backbone but also from the side groups, so
that & can be much greater for LC-networks as compared to the
& value for usual rubbers. Moreover, the effective persistence
length, ), of macromolecules bearing massive mesogenic groups
in their side chains is expected to be also much greater than [,
for usual rubbers due to the steric repulsion of the mesogenic
groups in the side chains. As a result, due to the strong factor
7o ~ &Iy’ in eq 57 the characteristic relaxation times for the
LC-network should be much larger than those for usual rubbers.
We note that this conclusion is confirmed by the experi-
ments'>'%?'723 which show the characteristic relaxation times
for LC-networks to be even 4 orders larger than the characteristic
relaxation times for usual rubbers, see, e.g., page 320 of ref 16.

Anisotropic nematic elastomers are characterized by the
differences in the values of the relaxation times for different
geometries under shear, as it was found experimentally.'®?> The
difference between the values 71 and 719 (i) = 7?) also follows
from our theory. Using eqs 54 and 55, we have plotted in Figure
4 the ratio 79/7{? as a function of S for different ratios of the
semiaxes of the ellipsoidal particles, a/b. One can see that 7§y’
> 7{ at any values, 0 < S <1 and a/b = 1.

The inequality 7§ > 7§ is confirmed experimentally, see,
e.g., Figure 10 of ref 22. However, the difference between t{)
and ¥ turns out to be rather small. The difference between
¥ and 71 increases with increasing order parameter. The
maximal difference between 73 and 7{? is 719/7{¥) = 2, i.e. not
large, see Figure 4. This means that the frequency dependences
G'(w) and G"(w) for the D-geometry (n llv) should be slightly
shifted to lower frequencies as compared with these dependences
for the V-geometry (nlv). This fact is visible in experiment:
one can see from Figures 8—11 of ref 16 that the frequency
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Figure 4. Ratio, 789/71?, (&) = 7{9) as a function of the order parameter
S at different ratios of semiaxes of the ellipsoidal particles, a/b.
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Figure 5. Spectral density, p(4), for a regular cubic network with N =
30 and y = 3.

domain where G'(w) = G"(w) ~ w ' for D-geometry (nllv) is

shifted to lower frequencies as compared with this domain for
the V-geometry (nlv), this shift being rather small in accordance
with our theory.

In order to calculate the frequency dependences of the
principal moduli, it is necessary to know the eigenvalues A, of
the network. For this, we use the results obtained recently4 for
the regular cubic network. It was found that the eigenvalues
belong to two types. The first type, A, corresponds to Rouse
modes whose network junctions remain immobile:*

(a) — 02 — _
A, = 4sin"(¢,/2) = 2(1 — cos ¢,) (58)

with ¢, = pa/(N + 1) and p = 1,..., N. Each eigenvalue 1§
appears twice.** The second kind of eigenvalues A% corresponds
to characteristic motions in which the network junctions move.
The eigenvalues of the second kind are characterized (for an
infinite network) by a continuous spectrum. Expression for the
spectral density, p(1), is given by eq 46 of ref 45 where the
parameters s and o correspond in our notation to the number of
beads between junctions (s = N) and to the ratio between the
friction coefficients of a network junction and a spacer bead (o
=y = &I"/¢,). According to our model, y is the number of
chains intersecting at cross-link points; i.e., y = 3 for the cubic
model. In Figure 5 we present the spectral density, p(4), for y
= 3 which is calculated using the results of ref 45. The vertical
solid lines show the Rouse eigenvalues, A{”, given by eq 58.
The continuous lines illustrate the spectral density, p(4), which
includes, first, a large-scale branch with small 1 and, second,
narrow branches located close to the discrete Rouse eigenvalues,
M@, see Figure 5.

4.3. Frequency Dependences of the Principal Moduli.
Using the eigenvalues A and the continuous part of the
spectrum we rewrite eq 48 for Gpyg = Gbve + iGpye as
follows (cf. with eqs 49a—49c):
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The evaluation of each modulus implies now the numerical
integration of functions which depend on p(4).

We present the results of the numerical evaluation of all the
components of the dynamic moduli Gp,y.6(w) in parts a and b
of Figure 6 for S = 0.3 and 0.5, respectively. For simplicity,
we consider a situation in which the sample is placed between
two hard planes and does not stretch during the ordering (¢, =
eg = 1), as in dynamic mechanical experiments.'>'®2"*> The
dashed lines in parts a and b of Figures 6 show the storage and
loss moduli for an isotropic network.

The frequency behavior of Gpy,6(w) in parts a and b of Figure
6 is very similar to that obtained in experiments.'>'®21>* At
low frequencies, the dynamic moduli demonstrate the hydro-
dynamic behavior (Gpys(w) = G§9.c = const and Gpy.c(w)
~ w, where G§Y, are the equilibrium moduli). After this domain
there is a broad region with Rouse-like behavior Gpys =

Ghyc~ o' due to the Rouse eigenvalues given by Equation
a
[_q
-
>
)
-
-
>
O R\
235 Ry
107 s

2 0 2
log,, (w7,
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58. At higher frequencies the storage modulus has a final plateau
and the storage modulus has a maximum. For all frequencies,
the inequalities, Gp(w) < G w) < Gi(w) and Gp(w) < Gy(w)

Gg(w), hold. The larger is the order parameter, the larger is
the difference between G, Gy and Gg;. We recall here that the
inequalities Gp < Gy and G} < Gy are visible also in
experiment.'>16-22

As for isotropic networks, we find here a simplified way
for calculating G,*),V,G(a)) for ordered networks. It consists in
the replacement of all complex branches of the relaxation
spectrum by only (i) intrachain Rouse modes for all chains with
immobile network junctions and (ii) the interchain (collective)
mode for a coarse-grained (renormalized) network.**~*> This
procedure is based on the fact that the continuous spectrum p(4)
includes N narrow branches which are localized close to the N
Rouse eigenvalues, /1,(,‘”, Figure 5. These N narrow branches
together with the exact Rouse modes A% provide the eigenvalues
for all chains between immobile junctions. Moreover, the
continuous spectrum p(4) includes the large-scale branch with
small 4 (Figure 5); the eigenvalues of this branch are well
approximated by those of a renormalized network which
contains only the junctions connected by springs with an
effective elasticity constant K™ = K /(N + 1) and in which
the effective friction coefficient & of each junction is the sum
of all semichains coupled to this junction: {&™ = Z§* + 3NE,.

The solid lines in Figures 7a and 7b show the exact frequency
dependences for Gpye — G§Y.¢ and for Gh .y, respectively.
The contributions from the intrachain (Rouse) modes and from
the mode of a renormalized network are shown by dashed lines.
It can be seen that the exact frequency dependences of the
moduli are well approximated for ;7' < w < 7y”! by the
intrachain Rouse-like modes which leads to the behavior Gp v
= Ghyo ~ o'

39—45

; at w < 7z ! the exact curves are mainly
described by the collective interchain mode which leads to
another power-type frequency behavior, namely Gp v — G596
~ w¥ and Ghys ~ w at w < 1! (cf. with refs 39—45).

G/vkT,G"vkT

2 0 2
log, (wt,)

Figure 6. (a) Reduced storage, G', and loss, G", moduli as functions of the reduced frequency, wt, for isotropic network (dashed lines) and for
D, V, G geometries applied to an ordered nematic elastomer with S = 0.3 (solid lines). A regular cubic network model is used (Figure 3), N = 100,

y =3, alb =2, ey = eg= 1. (b) Same as Figure 6a, but for S = 0.5.
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Figure 7. (a) Frequency dependences of the relaxation part of the storage moduli, Gpyg(w) —
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G§9.¢., for an ordered nematic elastomer (solid

lines). Contributions of intrachain (Rouse) and interchain (collective) modes are given by dashed lines with symbols. A regular cubic network
model is used (Figure 3), S = 0.5, N =100, y = 3, a/b = 2, ¢y = eg = 1. (b) Same as Figure 7a, but for the loss moduli, Gp yc(®).
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Figure 8. Frequency dependences of Gy — G¥% reproduced from
Figures 5 and 6 of ref 22 (for samples 2' and 1') by subtraction of the
values G§§9 = 19.66kPa and G{9 = 60.77kPa (for samples 2' and 1',
respectively) from the values of G given in ref 22.

In fact, parts a and b of Figure 7 illustrate the possibility of
the separate use of the intra- and interchain modes. This result
provides a simplified way for studying in the future the effects
of the complex structure of network strands on the dynamics
of nematic elastomers (e.g., the bending rigidity of chains, main-
or side-chain macromolecules, etc.). First, one can simply
calculate the eigenvalues of separate chains with immobile
junctions (taking the local structure of network strands explicitly
into account) and, second, calculate the large-scale eigenvalues
for the corresponding renormalized Gaussian network. Here we
use the fact that chain fragments of arbitrary structure obey
Gaussian statistics when they are long enough.®

One of the interesting results obtained here is the power-low
behavior, Ghye — G§¥¢ ~ w¥* at w < 7z !. This behavior
was also found in theoretical works devoted to isotropic
networks.>**%* We note, however, that experimental works do
not discuss usually the frequency behavior of G' around the
low-frequency plateau, G, in the hydrodynamic regime w <
7z~ '. The problem to see experimentally the term ~w*? in the
hydrodynamic regime consists in the fact that the quantities G’
and G“? are close to each other in this frequency domain, so
that the errors of the difference G' — G“? can be of the same
order as the quantity G' — G“? itself. Thus, to see the term G’
— G ~ »*? experimentally, it is necessary, first, to plot the
quantity log;o[G' — G“?] instead of log;o[G'], and, second, to
use equipment which is precise enough to obtain the value G’
— G,

Another problem is related with the polydispersity of network
strands. The power-law G' — G®¥ ~ »*? takes place only for
regular networks built from identical chains. However, the
polydispersity of network strands, which takes place in real
cross-linked systems, can lead to a more rapid power-law
behavior G' — G ~ w? at w <15, see, e.g., eq 37 of ref 41.
Thus, one can conclude that the quantity G' — G®¥ should
demonstrate more rapid frequency behavior at w < 7z! as
compared with the dependence G' — GV ~ w'? at w > 7.

To check these theoretical findings we have replotted in
Figure 8 the experimental data given by Figures 5 and 6 of ref
22 for two nematic elastomers (samples 2' and 1', respectively).
Samples 2’ and 1' were synthesized at the Institut fiir Makro-
molekulare Chemie in Freiburg. These samples are based on
poly[oxi(methilsilylene)]’s network; they are different only in
their cross-linkers; see ref 22 for details.

Instead of the quantities G given in ref 22 for the V-geometry
we have plotted in Figure 8 the values G — G§¥ by subtracting
the values G§¥ ~ 19.66 kPa and G%¥ ~ 60.77 kPa (for samples
2" and 1', respectively) from the values GV of ref 22 The value
of 7 has been found to be ~5 x 10~ 2 s (sample 2') and ~4 x
107 3 s (sample 1), see p 374 of ref 22. Using these values of
7k, one can see from Figure 8 that the experimental data replotted
in such a way confirm the theoretical findings obtained above:
the frequency dependence G' — G©? demonstrate more rapid
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Figure 9. Order parameter S as a function of the temperature for a
side-chain nematic elastomer based on poly[oxi(methilsilylene)]’s
network. Reproduced with permission from Figure 2b of ref 10.
Copyright 1994 Wiley. Ty, = 359 K (or Ty; ~ 86 °C), see Table 1 of
ref 10.

behavior (~f", with n > 1) at f < 7z~ ! as compared with this
dependence (~f'?) at f> 7z~ !. The frequency behavior of G'(w)
around the low-frequency plateau can be analyzed more
carefully in the future.

Here we note that the frequency range of the power law G’
— G ~ f* (with n > 1), can be extended practically in at least
two ways. First, one can rely on instrumentation precise enough
to measure the quantity G' — G©? in the low frequency region
where the value of G' — G®¥ is very small. Second, one may
synthesize a heterogeneous network system with a broad
distribution of contour lengths of network strands. In this case,
the frequency domain with a Rouse-like behavior should be
shorter due to strong heterogeneity but the frequency range of
the power law G' — G ~ f* (with n > 1) is expected to be
broader.

4.4. Temperature Dependences of the Principal Moduli
at Fixed Frequency. One of the interesting characteristics to
be studied experimentally is the temperature dependence of the
principal moduli. The temperature dependence of the principal
moduli is determined by the temperature dependence of the order
parameter, S = S(T). Here we recall that the dependence S =
S(T) for monodomain nematic elastomers has a specific character
due to the sample preparation.””'*'®*?> Monodomain samples
are produced by stretching the sample during the synthesis; the
mechanical stresses to be used should be much greater than the
mechanical critical point, ¢ > 0.,.°'>'*** As a result, a
produced monodomain sample turns out to be in a supercritical
state which is characterized by a continuous increase of the order
parameter with decreasing temperature. Such a continuous
dependence S = S(7) distinguishes the monodomain nematic
elastomers from the low-molecular-weight LCs which show a
jump of the order parameter, S, at the N—I phase transition.’

In order to calculate the temperature dependences of the
principal moduli, we use the experimental dependence S = S(7)
given by Figure 2b of ref 10, which is reproduced here in Figure
9. We note that in the supercritical state, the nematic and the
isotropic phases cannot be differentiated anymore and, therefore,
the N—I phase transition temperature, 7y; & 359 K (or Ty, ~
86 °C), determined in ref.'® (Table 1) by differential scanning
calorimetry (DSC) is a pseudo N—I phase transition temperature,
see also the discussion on pages 371 and 372 of ref 22.

Parts a—d of Figure 10 show temperature dependence of the
storage moduli G'py,, which have been calculated using the
dependence S = S(T) given in Figure 9. The different panels
a—d correspond to different values of the reduced frequency,
wtg. For the calculations eqs 59a—59c have been used, where
the parameters /o, 78, 7&, and 71 change with S according to
eqs 51—56. The elongation ratios ¢, and e are chosen for two
types of boundary conditions. The solid lines in Figures 10a-
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Figure 10. Reduced storage moduli, G}y, as functions of temperature 7 for a nematic elastomer with fixed boundaries (¢, = e = 1, solid lines)

and for a stress-free nematic elastomer which is stretched along the LC director (dashed lines). A regular cubic network model is used (Figure 3),
N =100, y = 3, a/b = 2. The different panels illustrate the results for different values of the parameter wzz: (a) wtr = 1, (b) wtey = 10, (¢c) wtg

= 100, and (d) wtz = 1000.

10d correspond to the case in which a sample is placed between
two hard plates and does not change its shape during ordering
(ey = eng = 1). This situation was realized in experi-
ments.'>'®?"*> The dashed lines in parts a—d of Figure 10
illustrate the results for a nematic elastomer with free boundaries,
when it is stretched along the director during ordering as it was
realized in experiment.?” The elongation ratio, ey, is determined
in the last case by the well-known condition,>~%2%:26

e, = (/1)" (59)

and ep changes in accordance with the condition of constant
volume for elastomers, e = 1/+/. e

One can see from parts a—d of Figure 10 that the mechanical
constrains affect rather weakly the temperature dependences of
the moduli: the differences between the moduli for a sample
with fixed and free boundaries are rather small. The stretching
of the network with free boundaries (dashed lines in Figure
10a—d) leads to larger differences between Gp, Gy and G as
compared with these dependences for a network with fixed
boundaries, due to the additional anisotropy of the network with
free boundaries caused by its deformation. However, the changes
in the values of Gp, Gy, and G, caused by the boundary
conditions is not significant, as can be seen from Figures 10a-
10d. This fact was also found experimentally'®?* by measuring
and comparing the values of the moduli for a sample placed
between hard plates in a rheometer and for a preliminary heated
(and spontaneously stretched) elastomer placed then between
the plates.

The temperature dependences, Gpy.c = Gp.v.c(T), for elas-
tomers with both free and fixed boundaries demonstrate the
following behavior. At T > Ty; we have Gp = Gy = Gg, and
due to the Boltzmann factor (~vkT) the values of G) v, decrease
when the temperature decreases. Around 7y, the storage moduli,
Gp and Gg, have singularities: G), decreases greatly due to the
prefactor I /I in the frequency term in eq 59a, whereas Gg
increases greatly due to the opposite prefactor /I in eq 59c.
However, G has no such prefactors (see eq 59b) and changes

rather weakly at T = Ty, see Figure 10a—d. With further
decreasing temperatures T < Ty;, Gp, and Gy decrease, whereas
Gg increases slowly; see Figure 10a—d.

The results for the D- and V-geometries obtained above are
in a fine agreement with the experimental data for all existing
monodomain side-chain nematic elastomers.'>'%>1>> There is
only one remark which is related to the glass transition. In real
elastomers glass transition effects become very strong at low
temperatures, and both G, and Gy start to increase strongly when
the temperature decreases.'>'®?!*? At high frequencies the glass
transition effects are rather strong even at T = T);. Our theory
does not consider glass transition effects; it gives, however, an
absolutely true picture for G and Gy around Ty;, where the
glass transition effects are weak and the main effects are due
to the nematic-like interactions.'>'¢-2!-22

It should be pointed out that the G-geometry was not
realized in the recent experiments and we have found no such
realizations in literature. Perhaps, this is caused by difficulties
(or special problems) related to the preparation of a LC film
with the director lying perpendicular to the film. Thus, our
results for G = G5(T) can be considered as a prediction of
the theory and we hope that our findings will stimulate in
future new dynamic mechanical experiments for nematic
elastomers.

We conclude the paper by recalling that our model uses
an approach in which the LC-director is immobile. Such
approach works well enough at 7;7' < w < 7y,”!, where the
LC-director can be really considered as immobile, since the
characteristic time of its rotation, 7,, is of the same order as
the longest relaxation time of the networks strands, 7 ~
7,.'%?% To consider the phenomenon at @ < 7;~' one should
take into account the rotations of the LC-director. Of course,
these effects can be considered in further theories. However, a
fine agreement of our approach with experimental data both at
o <tz 'and at 77! < w < 7p7! allows one to expect that the
effect of director rotation will not change dramatically the results
of our theory. This conclusion is confirmed also by light
scattering experiments'® which have shown that the fluctuations
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of the LC director in monodomain nematic elastomers are
strongly suppressed by network elastic restoring torques.
Moreover, in low-frequency limit, w << 7!, the value of G' is
close to the equilibrium value, G©?, which is independent of
any dynamic effects including the rotation of the director. Thus,
the main effects of the director rotations are expected around
o ~ 1,”' ~ 757!, where an interesting combination of network
dynamics and the dynamics of the LC-director can appear.

Conclusions

We have proposed a microscopic theory for the dynamic
mechanical properties of nematic elastomers. It is the first theory
which takes explicitly into account the chain structure of network
strands in nematic elastomers. We use an approach in which
the fragments of polymer chains in LC state are considered to
move on the background of an immobile LC director. We
consider the chain dynamics on scales larger than a Kuhn
segment. In this approach, a polymer chain is modeled as a
sequence of Gaussian subchains with anisotropic values of their
visco-elastic parameters with respect to the LC- director
(modified Rouse model).

We have derived exact expressions for three principal
dynamic moduli, Gp, Gy, and Gg, corresponding to the D, V,
and G geometries of the mechanical shear (Figure 1), for rather
arbitrary network structures built from anisotropic Gaussian
chains. For prolate networks, the relations Gp < Gy < Gg and
Gp < Gy < G¢ hold, whereas for oblate systems the opposite
inequalities are obeyed. These results are valid both for a stress-
free network which can change its shape during ordering and
for a network between fixed plates, when the shape of the
network is kept unchanged by applying an appropriate external
stress. We have found that the frequency dependence of the
dynamic moduli, Gp, Gy, and Gg, is determined by the
eigenvalues of an isotropic network structure of the same
topology. It allows us to extend the results of previous works
for conventional (isotropic) rubbers**~** to LC—polymer net-
works. From such a generalization we obtain the following rather
general results for prolate nematic elastomers. (1) Around the
temperature of the nematic—isotropic phase transition, Gp
decreases and G increases greatly, whereas Gy has no such
singularities. (2) The frequency dependences of the principal
moduli show for w < 7z' a hydrodynamic behavior (Gpy ¢ =
G§%.6 = const and G}y ~ w, where G, are the equilibrium
moduli) and a Rouse-like behavior (Gpyg = Gpy.c ~ w"?) for
7 ' <w <1 ". Here 7, and 7 are the minimal and maximal
relaxation times of the network strands. (3) The frequency
dependences G ys(w) at w < 77! display a power-type behavior
Gpvg(w) — Gliq&,g ~ w®, which is more rapid (o > 1) than the
Rouse-like behavior, Gy = Ghye~ o' at 7' <w <757
(4) The characteristic relaxation times for all modes, including
7o and g, are shown to be much larger for LC-networks than
the corresponding relaxation times for conventional rubbers.
(5) The characteristic relaxation times for the V-geometry are
slightly larger than those for the D- and G-geometries in the
nematic state. (6) The boundary constraints (fixed or free
boundaries of a sample) affect rather slightly the dynamic
mechanical behavior of nematic elastomers. The results (1—6)
have been illustrated here by using a regular cubic network
model built from anisotropic Gaussian chains.

All the results (1—6) for the D- and V- geometries are in
a fine agreement with the experimental data obtained for side-
chain nematic elastomers in refs 15, 16, 21, and 22. The
agreement of the results of our theory with the experimental
data'>'%2'22 demonstrates the great potential strength of the
proposed microscopic approach for describing the dynamics of
nematic elastomers. We note, however, that the Gaussian chain
model used here cannot be applied to main-chain nematic
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elastomers existing at present,” since they show SmC-domains
in their structures. At the same time, this model can be directly
applied to side-chain nematic elastomers, since they do not
demonstrate such heterogeneities in their structure.'>'2!>2

We conclude by noting that recent dynamic mechanical
experiments have used only D- and V-geometries in their
analysis; there are no experimental data in the literature for the
G-geometry. Thus, our results for the G-geometry can be
considered as a prediction of the theory, and we hope that our
findings can stimulate in future new dynamic mechanical
experiments for nematic elastomers.
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